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ABSTRACT

Let Q be a domainin C", ue PSH(Q)mL“’

loc(@) and T be a closed positive (1,1)
bidimentional current on ). Then, dd‘u AT is a positive measure on ). We establish
intergration by parts for currents because of its classical meaning and moreover, the
appeareance of Monge - Ampere operator have an important role in a lot of issues of
pluripotential theory. The basic for the definition of Monge - Ampeére operator base on
the estimation of Chern, Levin and Nirenberg combined with the integration by parts for

currents to make this definition by using unductive method.

We fix some wrong in the Article [9] and then use these results to extend integration by
parts for unbounded plurisubharminic functions, &, and F .
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Title: Integration by parts for currents
TOM TAT

Cho Qc C" la mét mién, u e PSH(Q)mL

toc(@) va T la mét dong dong song chiéu (1,1)
tréen Q. Khi do, dd‘u nT la mot do do dwong trén Q. Ta xdy dung cong thirc tich phan
tirng phan trén dong véi ¥ nghia cé dién von cé cia né la ding dé tinh tich phdn cia
nhitng ham phire tap bang nhitng ham don gidn hon. Hon nita, ta biét sit ra doi cia todn
tir Monge-Ampére phirc ¢6 vai tré quan trong trong viéc nghién ciu nhiéu vin dé cia Iy
thuyét da thé vi phirc. Nén tang cho dinh nghia cia todn tir Monge-Ampére phirc dua
trén wéc heong ciia Chern, Levin va Nirenberg két hop véi cong thire tich phén ting phan
dé di dén dinh nghia theo quy nap todn tir nay. Do vy, viéc xdy dung cong thirc tich phan
tirng phan trén dong cho nhiing ham da diéu hoa dwdi bi chan va mé réng hon nita cho
nhitng ham da diéu hoa duwdi khéng bi chdn la céng viée ¢é y nghia.

Chung toi co chinh sira chirng minh trong bai bdo [9] va ding nhitng két qua da

6 trong bai bdo dé mo rong cong thirc tich phdn tieng phdn cho nhitng ham da diéu hoa
duoi khong bi chan va xdy dung cong thirc tich phan tung phan trén lop &, va F .

Tir khod: tich phén tieng phén trén dong, dong dwong, ham da diéu hoa dwéi khéong bi
chan

1 CAC DPINH NGHIA VA KET QUA LIEN QUAN
Dinh nghia 1.1: Dinh nghia cac 16p ham &, &, €,, F,.

Cho Q Ia tap mo, bi chdn, lién thong va siéu 161 trong C",n>2. Ki hi¢u:
£(Q)={pePSH (Q),p bichin,[im ¢(z)=0, VEdQ va [(dd‘p) <+}.
z—¢& Q

' Truong Pai Hoc An Giang



Tap chi Khoa hoc 2010:14 8-15 Truong Pai hoc Can Tho

Cho uePSH (Q), ta néi uc&(Q) néu véi mdi z,€Q ton tai lan can U,
cia z, trong Q va mot day gidm h, €& (Q) sao cho #, \u trén U, va
sup, [(dd“h;)" <+o0.

QM(f)t ham ue F(Q) khi va chi khi ue&(Q) va ton tai mot diy giam
u; €& (Q) saocho u;, \u trén Q va supjj(dd"uj)n <+,

Véi p>1,16p &, 1a tap hop cdc ham Z’G PSH (Q) sao cho ton tai

(9} c&(Q): 0, N, j—>o0 vasup [(~p,) (dd°p,) <+o.

Véi p>0,16p F, 1a tap hop cic ham ¢ e P§H(Q) sao cho ton tai

{(pj} <& (Q): @, N, j >0 va supé(ddcgoj)" <400,

Pinh li 1.2: Gia st Q 13 mot mién bj chin trong C” va T 1a dong duong dong

song bac (n—1,n-1) trén Q. Gia sit u va v 1a cac ham da diéu hoa dudi Am bi

chan dia phuong trén Q sao cho u =v ngoai mot tap compact cua Q. Khi do:
jvddcu/\Tz.fuddcw\T. (1)

Q Q

Chiing minh
+ Gid s u,v,T dugc xac dinh trén mdt lan can cia Q, v 16p C”, am trén Q
va u =v trong lan cin ctia 0Q . Gia st K la tdp compact cia Q sao cho
{zeQ:u(z)#v(z)} ccintK . GiasigeCy, 0<¢<1trén Q va ¢=1 trén K. Khi
do:
[gddunt = [uT A dd*(pv) = [uT A(dd* (¢v)—-@ddv)+ [uT A gdd“v.
Q Q Q Q
Nhung:  dd*(¢v)-gdd‘v=d(vdp+@¢dv)—gdd“v.
=dvAd‘@+vdd ¢p+ddAdv+eddv—pddv
=vdd‘¢—dprdv+dprv.
La dang tron song bac (1,1) ¢6 gia nim trong tdp md ma trén d6 u =v. Do do:
[uT A(dd* (pv)-gdd*v) = [VT ndd* (¢v)~[vT A gdd‘v

Q Q Q

= [pvddv AT [ vT A dd“v=0.
Q Q

Do v 1a ham tron nén dd“vAT =T Andd‘v . Vay:
I¢VddCuAT=IuTA¢ddCV=I¢uT/\ddCV=.[¢uddCV/\ T.
Q Q Q Q

Vay, ta nhan duoc dang thire(1,1), vi ta cd thé cho sup¢ tang téi Q, con
vdd‘u AT va uddv AT la cac do do Borel chinh quy am trén Q.

+ Xét dinh 1i cho truong hop tong quat.

Gia str L 1a tap compact ciia Q sao cho u=v trén Q\L va chony >0 sao
cho L, ={zeQ:dist(z,L)<2}c Q.
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Véi e>0,u, =u*y,,v,=v*y, »>u,€C”(Q,).Do u=v ngoai L nén véi
£>0 dunho tacod u, =v, ngoai L,.

Chon &, du nho sao cho L,, cQ, ={zeQ:dist(z,0Q)>5,}.

Vé’i5<50(950 cQé) va Q; cc Q. Nén max{v(z):zeQ_5}<0. Do v, v khi
£ \0 nén v, <0 trén Q_ néu & du bé.

Gid sir g Cy (Q) v6i ¢=1 trén L, . Theo két qud & trén ta co:
J. gv.ddu AT = J- pu ddv, AT.

%

Qs
Cho £\ 0 vado v,ddu, AT hoitu yéu téi vdd“u aT , u,dd‘v, AT hoi tu yéu
to1 udd“v AT taco:

0

j ovddu nT = J. puddvAT.
Qs Qs
Tur do:
I vdd‘unT = .[ uddvaT.
Qs Q5
Lai cho 6 0 va ap dung dinh li hdi tu don diéu ta dugc:
Ivdd”u/\T :IuddCVAT.
Q Q
HE qua 1.3: Gid st Qe C" 1a mién bi chan va 7 la dong duong dong song bac
(n—1,n—1) trén 1an can Q' cla Q. Gia sir u,v la cac ham da diéu hoa dudi bi chin
dia phuong trén Q',u=v ngoai Q va u,v<0 trén Q. Khi do:
Ivdd“u/\T :JuddCV/\T.
)

Q

Pinh li 1.4: Gia st Q 13 mdt mién siéu 16i trong C" va v 1a mot da didu hoa dudi
am bi chan dia phuong vét can do1 vo1 Q. Giad su T‘ la dong dong song bac
(n—1,n—1) dugc xac dinh trén Q va » la ham da dicu hoa dudi bi chan dia
phuong trén Q sao cho u(z)<0,Vz e Q. Gia st mot trong cac cong thirc sau dung:
IddCVAT <o hay _[dd"u AT <o vavlién tuc.
Izhi do: ’
JAvdd"u AT <o00> IuddCVA T.

Q

Q
Dau “=” xay ra néu u,v1a cdc ham da déu hoa vét can, bi chan dia phuong, am va

mot trong cic diéu kién sau dung: Idd VAT <+ va I dd‘u AT <+o0  hay
Q Q

Jdd”v AT <+0 va v la lién tuc.

Q

Hé qué 1.5: Cho Q 1a mot mién siéu 16i trong C”. Gia st u va v 1a cac ham 16p
&(©) . Khi d6 cong thirc tich phan ting phan sau ding:

[v(dduy = [uddv A (ddu)™ 2)

Q Q

10
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Hay tong quat hon néu u,,...,u, 1a cic ham 16p &,(Q) va ve &, (Q). Khi do:

[vdd u n--nddu, = [udd‘v nddu, - ndd‘u,. (3)
Q Q
Pinh li 1.6: Cho Q 13 mot mién siéu 16 trong C" va thudc 16p F(Q). Khi do:
[vdd u, n-- nddu, = [uddv nddu, - ndd“u,. (4)
Q Q

Pé chimg minh dinh li ndy ta can ta cin két qua hoi tu sau ciia Cegrell.
Ménh dé 1.7: Cho Q 1a mot mién siéu 161 trong C". Gid sir u” € F(Q),1< p<n va
he PSH™ (Q).Néu g’ €&(Q),g” u” khi j—oo nhu trong dinh nghia cia O
thi:
: c c c 1 c. n
?ﬂjhdd g Ae-ndd gfzjhddu Anddu”.
Q Q

2 CONG THUC TiCH PHAN TUNG PHAN TREN &, VA F
Pinh 1i 2.1: Cho Q 1a mjt mién siéu 10i trong C". Gia str u va v 1a cdc ham 16p
& (©) . Khi d6 cong thirc tich phan ting phan sau dling:

[v(dduy = [uddv A (ddu)™ (5)
Q Q
Hay tong quat hon néu u,...,u, 1 cic ham 16p &,(Q) va ve &(Q). Khi do:
[vdd<u n---nddu, = [udd*v ndd‘u, - ndd‘u,. (6)
Q Q

Ching minh:
Thit viy, do u,ve & (Q) nén [(dd*v) <o, [(ddv)" <eo. Theo 2.4 ta c6 (5)
Q Q

Néu v, u,,...,u, € £ (Q) thi theo bat ding thirc Holder ta co:
1

Iddcul A-nddu, S(jddc (ul)n)’l“...(jddc (un)n);)<oo

Theo dinh 1i 2.4 ta c6 (6).

Pinh Ii 2.2: Cho Q 1a m¢t mién siéu 16i trong C" va v,u,,...,u, € F (Q). Khi d6:
[vdd<u n---nddu, = [udd*v ndd‘u, - ndd‘u,. (7)
Q Q

bé chl'rng minh dinh li nay ta cér‘l két quel‘ hoi tu sau cua Cegrell.
Ménh de 2.3: Cho Q 1a m{t mién siéu 161 trong C". Gia st u” € F(Q),1< p<n va
he PSH™ (Q).Néu g’ €,(Q),g” \u” khi j—oo nhu trong dinh nghia cia Q
thi:
lim [ hdd“g} n---ndd g} = [ hddu' A---Add“u".

Q Q
Chtrng minh:
Do Q mo va u” € F(Q),1< p<n nén tr chiung minh cta dinh 1i 4.2 trong [Ceg] ta
cO: dd‘gi n--ndd°g! hoitu yéu toi dd“u' A+ Addu". Mt khéc, tir bat ddng thirc
Holder ta co6:
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1 1
jd ‘gl A Addg! s(j(ddfgjl)")n...(j(ddcgj")")n <0,V
Q Q
Do do: [ dd‘u' A-- Add“u”<11mjdd nddgh <o
J® :

Q
Mitkhdc néu he &, (Q)NC(Q) thl to@hdng minh cud danh lyi#.2 trong [Ceg] ta cotl
J.hda"u1 A.Addu" = hmjha’a"(gfl A..Addg"

J—>®0

+) Gié sit h e PHS™(Q) sao cho [ hdd‘u' A...nddu" > .
Q

Do he PHS (Q) nén theo dinh li 2.1 trong [Ceg], h 1a gi¢i han cta day ham lop
£,(Q)NC(Q). Vi thé, ta c6 thé chon &, e g,(Q) N C(Q) sao cho:

1
<=

J

= [hdd‘u' A...nddu" —Ihjdd“ul Aonddiu’ > -1
Q

jhd ‘U A Ad Cu”—jh}.d ‘U A.o~nddU"
Q Q

j
= j—hdd“u‘A...Ad u" <——jhdd‘u A Addu"
Q

Dung két qua trén ta chon q; sao cho:

1
<-.
J

[nddu' n..nddw - [hdd'g', A..nddg",
Q Q

:—l_+jhjd ‘g, Annddy’, <jhd "A.AddU"
J 4

:%—Jkiddcglq_ A..nddg", 2—_—'[hia’a’cu1 Aonddu’.
2 J i J J o k

J
Vay:
[-hdd‘u n...nddw —jhjdd“g‘q_A...Add“g"q_. (8)
Q o Q ' '
Do h2h= [-hdd'g', A..ndd’g", <[-hddg', A..nddg",.
Q Q
Ta co:

j—hddfu‘ Aonddu” S%—jhddcglqv A nddeg", . 9)
Q J a ! '
Ta lai chon 5, 820 cho:

c 1 c .n c 1 ¢ n
jhsj_dd g, Amndd'g', — [ hdd g, Amndd'g,.
Q Q

J

= g—jhddcg‘q_A...Ad g, si—jh&dd”glq_A..-Ad £
J o ’ oo :
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Ta cé6:

j—hdd“ul A..Anddu" Si—jhs,ddcglq_ Aoonddg',.

Q ] o / I j

Tuy nhién theo chirng minh cua dinh 1y 4.2 cua [Ceg] thi:
[, dag', n..nddg" >jh ddu' A A ddCt

Vay ta co:

J.—hdd"ul/\.../\d u" <——J.h ddu' n...Anddu"

Q
Nhung h >h nén:
I—h&d ‘U A..Ad Cu"SI—hd ‘U A..Addu"
Q ! Q
K&t hop lai ta dudc:
J‘—hd ‘U n..Addu" <——jhd Cg A Addg" .
5 J 4; 4;

s-— IhddculA Addu’
J &

Do do6:

&|[\)

Jjoo

j hddu' A...Add°u" = lim j hdd“g', A...ndd"g"
Q
h

+) Néu J.

Jj—oo

That vy, chon hj c 50( ), h‘ N\ A. Khi d6:

lim hdd‘u Anddu" =—o0 .

Jjo©
Do @6 véi VM >0,3j, Vi > j,:
[hddu’ a...nddu" <—M
Q
Dt bigt [, ddu' A...Addu" <-M
Q

Nhung :
J‘h‘jddcul A.onddu” = Ilcimj.hjoddcg,lc A..nddg).
Q

Q
Vay 3k, sao cho Vk>k,:
[h,ddg, n..Add g} <-M
Q

Nhung Vi, >h. Vay: [hdd'g, n..Addg} <-M,Vk >k,
Q

Do d6:

sjhdd‘ulA Ad ‘u”—jhdd‘g Aondd'g’, <=
Q

Truong Pai hoc Can Tho

(10)

2

J

dd‘u' n...nddu" =—oo thi lim hdd‘g1 ANendd g =

13
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lim [, dd‘g; A...Add g} =—o0
Q

J—oo
Chirng minh dinh 1i 2.2
Lay cac day {le} € £,(Q) sao cho v, v khi

m —>»,{g) L ee,(Q).g) Nu,1<i<n khi j, —o.Dodinh Ii 3.1 ta ¢6:
J.vmldd"gj.l A..ndd’g) =J.g}1dd"vmI /\dd”gf2 A..ndd’gy
Q

Q
Cho j, > o,..., j, = o, &p dung ménh dé 2.7 ta duoc:

jvml dd* g}l Addu,...Anddu, = jg}l dd, A ddu® A..AddU"
Q Q
Cho j, — o, 4p dung ménh dé 2.7 cho vé trai, ding dinh 1y hoi tu don diéu cho vé
phai ta duoc:

J‘vm1 dd‘u, Addu,...Add‘u, = julddcvml Addu’ A..Addu"

Q Q
Cubi ciing cho m, - ta duoc:

jvdd"ul Addu,...Anddu, = Iulddcv Addu® A.addu”.
Q Q

Chii y 2.4: Cong thirc tich phan timg phan khong ding cho 16p £(Q).
That vay, 1ay Q= B(0,1) 1a hinh cau don vi trong C,, u =1 1a ham thudc 16p

£(Q), v:|z|2 ~leg(Q). Khido ddv=4p,,8, = i:édzj /\d7j
J=
Tir d6 (dd*)" =4"nld4,,,d 2, 1a do do Lebesgue trén C, .
Ta thdy cong thic: jvdd"u A (dd"v)ni1 = I u (ddcv)n khong dung
Q Q

vi vé trai bang khong. Trong khi d6 vé phai = —I 4'ndA,, =-4"n14,,(B(0,1))<0.
Q

14
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